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S =
∫ t2

t1

L[qi(t), q̇i(t); t] dt, �1�

���������
� �� �!� �" �
��� #"��� �� ��$�% �&'"	() L[qi(t), q̇i(t); t] #* �� ��
�� t2 � t1 ���� �	
�� ���� +[1] 1#��,��- ./" 	� ��� 01%" t 2 +�-#* ��3�4� +qi

�" ��5�� 0���� 2 �	
�� ��
� �� ���� �� ������ � ��� ���
� ���� qi-t �����

����	� �� +�
6"2 	�$� 7�8 9:�� 	��;� 9� �"�" �� �� 1%" <�" �"=3� �> “ ��$�" ”
�� "� ./" <�" +��'"��� �� ��?#��- 0�����' @�� ��� �"=3� +	��;� 	��"��A �� 1

��-B��2 �"�"

δqi(t) = q′i(t) − qi(t), �2�

���
� +='�"� C	�4� ��2	% �� 	�$� �"

δqi(t1) = δqi(t2) = 0, �3�
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δS = δ

∫ t2

t1

L[qi(t), q̇i(t); t] dt = 0. �4�

�%� 1 .F� �� �: #* =�'�� 1%" <F�� "� �
6"2 	�$� �� C	�4� ��2	% �� ��-B��2
01%" =��� GH I �� �
6"2 	�$� 7�8 B��2 <�:GI 	�$� J�	� �� � K=�

t

qi

t1 t2

1 .F�

�� �� +"� 1�	8 ��D��
� #"���� #��,��- ./" �" K��L�%" �� ��'"��� �� ��?#��-
�1$- �� +��2* 1%� �� +1%" M2	
� &'"	()N	,�2" ��D��
�

d
dt

∂L

∂q̇i
− ∂L

∂qi
= 0. �5�

0��2* 1%� �� t �" �
��� #"��� �� "� �- qi(t) �"=3� #"���� )�� ��D��
� .H 8 ��
����2 ./" �" �	O�� P�' +=��$- ��$��A �'��,��- �"�"� �� �>�-��$�% �"	�
	�$� �" ��5�� 0��2* 1%� �� "� 	�$��D��
� #"���� #* Q�%" 	� �� �	� �>"�" #"����
�%� B��I 7�R� �� +t 	��"��A �� P�S�" #2=� +�- qi ��T� �� ��$�% �� 1%" ��I
9� ���� �" UA �� 1%" �,F� �=
�V �% ��T� �� 	�$� �" K��% 7�W� 9� 0=����
�2� �" ./�8 �I � � � D� 8 �� 0�� �� � � � �"X ( � S	 � #* �2� �� , � %2 � � � � � A"� -
�� <�" ���� �� #"� ���' �I <�" #=�� � � +=-��� #�4' #��%* �� "� ��� A"�- 	 �$�

7�W� 0��2* 1%� �� ��Y?" +���"� ���	% �: � � 2 +K�� � �Z� �5RD 	- �� ��� A"�-
�6�� X[�� ��RL/ �2� �"=� C�' 1�	8 	\" �� �� 1%" ��I 	�$� �" 	O�� �K��%

��S�� �"=
� �� #* =
�V �� 1%" �>�T� �� �I 9� 	�$� �,H� 1D�8 �� 0='����
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+����� MX8 #��� �� `��	� ���Y?" 	�$��D��
� �� �� �S #* �" 01%" ��$�% ��"�*
�� K"�I7� #��� �� ��$�% �� ��-��� K��S" ��	�(�� 	5' �� �� �=�=S B��2 ��
Δt + a)2" �� ���"� �S�� 0t2 + Δt #��� �� aYW� +=%	� ��I �>�^' ���b�-� �=��	F�A
G3� ��"=' ��2cD 	��;� <�" =�� ��-"�I a"=
� �� ��?#��- + a��'�\ 2 +1$�' 1�W� a��2cD
1%" K=� �%� 2 .F� �� �: #* �� "� B��2 <�" 1%" <F�� 0��� ���	( 	5' �� t2 �"	�

0��-� ����'

t

qi

t1 t2 t2 + Δt

2 .F�

�� ��'"���� +��-��� #�4' Δqi(t) �� �S <�" �� �� +"� ����� ./�8 �- qi �� �� �	��;�
������� ��	
� �S <�" �� 0���� �$��3� ����"� �,�6 ���� �� �: #*

Δqi(t) = q′i(t
′) − qi(t), �6�

����"� +=-��� #�4' �- .F� �� ��?#��- 0t′ = t + Δt #* �� ��

Δqi(t2) = 0, �7�

�- ��$�% �� 1%" ��
� <�" �� �^�'" �� =�=S B��2 #=� 	L/ 0δqi(t2) �= 0 �: 	("
�: 	(" +=%��� �>�^' �=��	F�A 9� �� �����B��2 	�$� �2� �- 2 �
6"2 	�$� �2�
0���� d�$8 =�=S B��2 <�" �� "� ��� 	��;� 2 ��>�� � 7�8 0�,�!� ��-#��� ��

����"�

ΔS =
∫ t2+Δt

t1

L[q′i(t
′), q̇′i(t

′); t′] dt′ −
∫ t2

t1

L[qi(t), q̇i(t); t] dt
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=
∫ t2+Δt

t1

L[q′i(t), q̇
′
i(t); t] dt −

∫ t2

t1

L[qi(t), q̇i(t); t] dt, �8�

����	� �� "� c�: ��- 7�8 0��='"�	(	� t �� "� t′ �	�(7"	O�'" 	�H;�� f�' GI <��2H� �� ��
���-��� f�Z'" "� 	�� 9�FL� 72" 7"	O�'" �� 0���� d�$8 ��-"�I�� Δ B��2 �" 1

∫ t2+Δt

t1

=
∫ t2

t1

+
∫ t2+Δt

t2

. �9�

����"� 1 ����	� �� ���/ <�" ��

ΔS = Δt L(t2) +
∫ t2

t1

(
L[q′i(t), q̇

′
i(t); t] − L[qi(t), q̇i(t); t]

)
dt, �10�

+�2� �� �S�� �� ��
� +qi(t) 2 q′i(t) �2�L� �� f2� 7"	O�'" �� �"	��;� #�	� d�$8 �"	�
������ 0���"� ���' +δqi(t)

δqi(t) = q′i(t) − qi(t) = q′i(t
′ − Δt) − qi(t) = Δqi(t) − q̇iΔt. �11�

����"� ��"X(�S <�" ��

ΔS = Δt L(t2) +
[ ∂L

∂q̇i
(Δqi(t) − q̇iΔt)

]∣∣∣t2
t1

+
∫ t2

t1

( d
dt

∂L

∂q̇i
− ∂L

∂qi

)
(Δqi(t) − q̇iΔt) dt, �12�

�2� 	O�� ��-�S 2 )�� �� 0��"K�	� ��� �� �- "� ǱcS��ǱcS �K=��6 ��� 9� #* �� ��
0����� MX8 1�	8 ��D��
� �� f2H� GH I 0��"� ��S2 h�S i =�'�� ��"	F� ��-iI��
P� ' j�- 	 �$� �"= � �" �� #�: +=-��� ' ��^% t1 +72" GH I �� �2=8 <��"X( ��

�����"=' ����2

δqi(t1) = Δqi(t1) = Δt
∣∣∣
t=t1

= 0. �13�

����"� ∂L

∂q̇i
= pi �� <�" 2 +Δqi(t2) = 0 �" K��L�%" ��
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ΔS = Δt
(
L − piq̇i

)∣∣∣
t=t2

= − Δt H(t2) �14�

01%" ��$�% �'��,��- H #* �� ��
�- 1�	8 P2	� �� ��$�% #* �� �� 1�	( 	5' �� "� �	������ 1D�8 #"����
K=�* 3 .F� �� 1�H
l2 <�" 0=�� d�!�'" "� t1 �" �2�L�� #��� ='"��� #* #���A =�'��

01%" K=�* Δt2 �� #���A 	��;� 2 Δt1 �� P2	� 	��;� #* �� �� +1%"

t

qi

t1 t2t1 + Δt1 t2 + Δt2

3 .F�

�����B��2 	�$� �2� ��$�% �� ��"K�	� @	� .�6 =�'�� �- �S <�" �� +7��
� ��? ��
����"� ��� <�" �� +=%	� �
6"2 	�$� �� #�%9� 1�
l2 �� +t ��S �� +t

′ #��� ��

t′ = t + Δt(t), Δt(t1) = Δt1, Δt(t2) = Δt2. �15�

�2� +� >� ^ ' 2 � � D2" �= � �	 F � A � � 
 � � � +Δqi(t1) = Δqi(t2) = 0 � ��"� � - �� �
��� =�*�� 1%� �� �(K��% �� ���/ <�" �� 0=��$- �F� �
6"2 2 �����B��2 	�$�

ΔS = −
[
Δt H

]∣∣∣t2
t1

= −
[
Δt2 H(t2) − Δt1 H(t1)

]
. �16�

������� �2*��� "=��" 0���2* 1%� �� "� ��I ����2 ./" ��'"���� �S <�" ��

S =
∫ t2

t1

L dt =
∫ t2

t1

(
piq̇i − H

)
dt, �17�
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����"� #* �� ��

ΔS = Δ
∫ t2

t1

piq̇i dt − Δ
∫ t2

t1

H dt. �18�

=��"�� n�L�" ��62 <�" ��'"��� 01%" ��$��A H #* �� �� =�	�O� 	5'�� "� ���$�% 7�8
0=�*�� #2	�� 7"	O�'" �" H ���/ <�" �� 0=����' t �" _�	/ h��� +H #* h�� �� 2 +L ��
H �� ��	�O� 	5'�� "� �>�-#* Δ P�' ��-B��2 f��� #��� �" �� =��� @	� K2Y� ��

����"� ���/ <�" �� 0=��� �
6"2 	�$� �2� �"=3� #��- 2 ��$��A �- �-#* �2�

ΔS = Δ
∫ t2

t1

piq̇i dt − H
(
Δt2 − Δt1

)
. �19�

����"� �16� �� B"���4� 1�
l2 �� �o�"� <�" ��$��3� ��

Δ
∫ t2

t1

pi q̇i dt = 0, �20�

���� ����' �'�( <�" 1%" <F�� ��

Δ
∫ q (2)

q (1)

pi dqi = 0, �21�

�� ��? #��- 0=��$- ��$�% �>�^' 2 ��D2" ��-�=��	F�A p��	� �� q (2) 2 q (1) #* �� ��
<�" �� �� 1%" <�" ��Z��' <�" 01%" K='��' �6�� t �" �	\" 	I* �2�$� �� ����� K=��
K��S" +=%	� ='"���� �=��	F�A 9� �� ��$�% �� �>�-#��� ���%�"�* �� +B��2 �" P�'

���Y?" �^�� ����� q��� �� +=�� �? "� 	�$� K"�I7� 1�	% �� ��$�% �� ��"K�"�

����� �� 0='��� �6�� +#* #=�K����A 1�	% �' 2 +	�$��D��
� .F� �� `��	�

S0 =
∫ t2

t1

pi q̇i dt, �22�

�� "� =�=S ����2 ./" ���/ <�" �� 0=���(�� 3“ K=�	 �!� ��� ” a)��
�
�1��' #"���� �- 	�� .F�
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ΔS0 = 0. �23�

�� �� +=���(�� 4“ �>��	A�� ./" ” �� +“ ���<�	��� ./" ” +����2 ./" <�" ��
0���$- &'"	() 2 	,�2" #��=� "� B"��2�f" .F� �� ��'"��� �� �>�S

	�� .F� �� ��$�% �&'"	() =��� @	� 0���"�	s� ./" <�" ��-�	���� �� 7�8
�=���

L =
1
2

gij(q) q̇iq̇j − V (q), �24�

0='"1$�' t 2 �- q̇ h��� V 2 gij ������@	� 01%" #��3�� U�	��� 9� gij #* �� ��
����"� 01%" ��$��A H UA +1$�' L �� _�	/ ��? �� #��� #�:

pi = gij(q) q̇j , �25�

�=-��� ��

pi q̇i = gij(q) q̇iq̇j = 2 T �26�

����"� �20� �" +�>�-��$�% <��: �"	� UA 01%" �4��S�t	'" T �" ��5�� #* �� ��

Δ
∫ t2

t1

T dt = 0, �27�

<�" �� 0=���' .�$'��A =��� @	� 0=���� ��A ='"���� �L,�!� ��-1D�8 �S <�" ��
����"� 1D�8 <�" �� 0=�*�� #2	�� 7"	O�'" �" T UA 01%" ��$��A 2 +H #��- T ���/

Δ
∫ t2

t1

dt = Δ(t2 − t1) = 0, �28�
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d�!�'" "� 	�$� #* �t	'" �- ��-	�$� f��� #��� �" ��$�% �� 1%" <�" B"��
� ��
�� 5“ ��	� ./" ” �� ./" v�I 1D�8 <�" �� 0=4F� 7�? "� #��� <�	��� �� =����

0=����� .�,3� ������ ���* #* �� �%=�- 9��A" ��
01��' "� ��� <�	��� ./" �" �	O�� .F� #"���� )�� �� K=�K���" ��$�% �"	�
E #* �� �� +H = E = T + V �� ��"� 	5 ' ���� � �$�% �"	 � �� =� � � �S� � "= � �"

7�? 	 �� ��	
� �� 01%" �V 2 T h�S� �F�'�F��t	'"

ds2 = gij dqidqj , �29�

����"�

E =
1
2

(
ds

dt

)2

+ V (q) �30�

�=-��� ��

dt =
ds√

2(E − V (q))
�31�

����"� �27� �� T = E − V 2 <�" �" K��L�%" ��

Δ
∫ s2

s1

√
E − V (q) ds = 0. �32�

1D�8 ./" .F� <�" �� 0=���(����� <�	��� ./" ����"t .F� )�� ����� ��
����"� ���/ <�" �� 0��	�(�� 	5' �� "� V = 0

Δ
∫ s2

s1

ds = Δ(s2 − s1) = 0, �33�

d�!�'" ��"� "� �I 7�? <�	��� �� �	�$� +�t	'"�- ��-	�$� #��� �" =��(�� ��
7�? 2 #��� <�	��� 1�	8 	�$� +.�$'��A ��T8 #2=� +�28� �� �S�� �� +UA 0�����

�4��S�t	'" �� +1%" =
�V �% �� �"�* �K�w 1�
l2 <�" �" K��% 7�W� 9� 0��"� "�
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L = T =
1
2
m( ẋ2 + ẏ2 + ż2 ), �34�

GH I 1�	8 	�$� UA +=�� �? "� 7�? <�	�K���� �� �I =��� ��'"��� �� �S #* �" 01%"
�1%" K	�V �2� �"�* �K�w 	O�� 7�W� 01%" 1%"�

L = T =
1
2
mR2( θ̇2 + sin2 θ φ̇2 ), �35�

0g12 = g21 = 0 +g22 = mR2 sin2 θ +g11 = mR2 �S <�" �� 01%" K	�V P�
� R #* �� ��
2� #* �" �� �"���5�K	�"� �2� "� �o3' 2� 	- <�� K�w <�" +�I <�	�K���� �� �S�� ��

0=���� 1�	8 ��X(�� �o3'
+s +�I �2� 7�? 	��"��A p$8 	� "� 	�$��D��
� #"���� ����"t .F� �" K��L�%" ��

���	�(�� 	5' �� "� �=
�V �% ��T� �� K�w 9� 7�W� 0��2* 1%� ��

L =
1
2
m ṙ2 − V (r). �36�

���� <�" ��

ds2 = dr · dr, �37�

����"� ./" �" K��L�%" ��

Δ
∫ s2

s1

√
E − V (r) ds =

∫ s2

s1

(
∇

√
E − V (r) · Δr ds

+
√

E − V (r) Δds
)

= 0 �38�

����"� �37� �� 0���"� ���' Δds ��

ds Δds = dr · Δdr ⇒ Δds =
dr
ds

· Δdr. �39�
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��Z��' �� 2 dr′ = dr + dΔr �=-��� �� +r′ = r + Δr ����"� ��"

Δdr := dr′ − dr = dΔr �40�

����"� UA

Δds =
dr
ds

· dΔr. �41�

����"� +ǱcS��ǱcS ��� 9� f�Z'" 2 +�38� �� ��"X(�S ��

Δ
∫ s2

s1

√
E − V (r) ds =

∫ s2

s1

(
∇

√
E − V (r) − d

ds

[√
E − V (r)

dr
ds

])
· Δr ds

+
√

E − V (r)
dr
ds

· Δr
∣∣∣2
1

= 0. �42�

��� 	L/ B��2 =��� �"	6 	(" UA 0��"=' ��^% +Δr|1 = Δr|2 = 0 #�: 	I* ��,�S
�=-��� �� =��� 	L/ K�7"	O�'" =���

d
ds

[√
E − V (r)

dr
ds

]
= ∇

√
E − V (r), �43�

���"� �S�� 0r = r(s) +=-��� �I 7�? �" �
��� #"��� �� "� 	�$��D��
� #* .H 8 ��
0��2*�� �	O�� .F� �� ����� "� )�� ����� 01$�' #��� �" �	\" ����� <�" �� ��

����"� �S�� a)2"

dV (r) = ∇V · dr = ∇V · dr
ds

ds. �44�

����"� +F +1%" 2	�' −∇V �� <�" ��2*��� 2 ���Y?" <�" ��

d2r
ds

=
F − (F · t̂) t̂
2

(
E − V (r)

) , �45�
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0̂t · t̂ = 1 �1%" �F� �"�	� t̂ +�37� �� �S�� �� 01%" �I 	� Q��� �"�	� t̂ =
dr
ds
#* �� ��

����"� "=��" 01$�' ���*�' �� �"	� �- #"=�: )�� �� K=�* 1%� �� �����

d2r
ds

=
dt̂
ds

=
n̂
R

�46�

7�? #�:� 1%" �I 2 t̂ 	� ���� �"�	� n̂ 2 +�I �2� �
l�� ���R'"P�
� R #* �� ��
�� ������ �S�� K2Y� �� 0�1%" ���� #* �� a���8 B"{H �4� 1%" 1��\ t̂

t̂ ·
[
F − (F · t̂) t̂

]
= 0, �47�
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1) Hamilton’s principle, 2) Stationary, 3) Abbreviated action,

4) Maupertuis’ principle, 5) Fermat’s principle


