FAT-112

Koo b )80 g0 (LA

&U‘c‘é wﬁ|

Sl 3l 5 bl 2 Slloes Ll i (B ime JISlsn a5l ol 5 oalie tea S
e 1)) St

awdde 0

5SS i ay adl dls 325 0 8Cnsl gy SHIS g sy oS Ul p e o S - 4 LS
ﬁ«g—f‘«f@\:@;&hg&;: L&?&A&ﬁﬁj&dd}ﬁgw% -ty alis SO w adis &S
55 03l 4o o 555k ke (54 B L 3k e o 058 S Lol 0)ls 1 ss bl SR o) se 285 5
55 Sowlons 500 S @Al 655l 5 (S gl l (sl 158 1 o dyke 3 S05L slaes b
et Stk ol Ao a5 palS 08 81 b 800 oS0 L ST S (S (5350 (5l 5 el
10 x 106&&&&)))}6.\’3‘53 &ﬁTJM}b)\K@%}))K@}A uﬁj‘)bwi{uﬁ‘ &\‘U)N
St G A 353 oz 5 Usene a5 % 4l 13 81 s i 435 s Jsb w0 Slaloes 53 5
s B oy Jralosil &7 ol 3l (6 5500l oS (2l (28 4 42 1010 % 1017

lts 4 g0 (& 48 U1 (Glalous slellin b Lalesl 0bad Ll 31 5 5Ly (sl Ll s
L Obe aslsl 5o &8 Slusloes ol wly A 5 Ogiia ) Sae 65.»')5 o S~ b S Jlas
PSP EPEH | PSPPI NES{ AUEICIR B E

lebgsrs 1

10 Dl 55 25 SN (ol e A8 (53
1
/ exp(x?) dz ey
0
i 5 ) K o
f1[x_]:=Exp[z"2];

exactl = NIntegrate[fi[z], {z,0,1}]
1.46265
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Table[{approxl = Sum[f1[n]d, {n,0,1,d}]//N;

Print[d," ",approxl," error=",(approxl — exactl)/exactl x100]},
{d, {0.5,0.1,0.01,0.001,0.0001}}];

0.5 2.50115 error=71.0013

0.1 1.65309 error=13.02

0.01 1.48129 error=1.27417

0.001 1.46451 error=0.127139

0.0001 1.46284 error=0.0127111

Dlpes 160 galols sl ys oS as Gl ng,é-TEaijlUv'-/Jw):;Mbm SereS od i YU s
lodds Cond

Q‘ﬁ)‘b}lbO&WUﬂ&uw\“})uxn)hg\‘;)mfo:u&w\(4)64&‘))‘0)[4}3%@&&
:Wd)jl’*i‘u;‘w-’@d‘ﬁ‘ .L 100&;,«25\)3%

xr:=RandomReal[{0, 1}];

M = 100;

Table[MCInt1 = Mean[Table[f1[xr], {m, 1, M }]]; Print[MCInt1], {5}];
1.44552

1.37184

1.41913

1.47244

1.49409
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xr:=RandomReal[{0, 1}];

M = 1000;

Mean|[Table[MCInt1l = Mean[Table[f1[xr], {m, 1, M}]], {10}]]
1.46421
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£6[x1_,x2_,x3_,x4_,x5_,x6_|:=Exp[x1"2 + x2"2 + x3"2 + x4"2 + x5"2 + x6"2];
exact6 = NIntegrate[f6[x1, x2, x3, x4, x5, x6], {x1,0,1},{x2,0,1}, {x3,0,1}, {x4,0,1},
{x5,0,1},{x6,0,1}]; //Timing

Print[exact6]

{20.078,Null}

9.79142
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d=0.1;

approx6 = d"6 Sum[£6[n1,n2,n3,n4,n5,n6],{n1,0,1,d}, {n2,0,1,d}, {n3,0,1,d},
{n4,0,1,d},{n5,0,1,d},{n6,0,1,d}]; //Timing

Print[approx6," error=",(approx6 — exact6)/exact6 x 100]

{12.652, Null}

20.4069 error=108.416
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xr:=RandomReal[{0, 1}];

M = 100;

Table[MCInt6 = Mean|Table[f6[xr, xr, xr, X, XT, XT|, {M, 1, M }]]; Print[MCInt6], {5}]//
Timing

9.46752

8.74826

10.9643

8.67465

10.6157

{0.031, {Null,Null, Null, Null, Null}}
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xr:=RandomReal[{0, 1}];

M = 10000;

Table[MCInt6 = Mean|[Table[f6[xr, xr, xr, X1, XT, XT|, {M, 1, M }]]; Print[MCInt6|, {5}|//
Timing

9.72741

9.82157

9.80803

9.93387

9.74117

{0.515, {Null, Null, Null,Null, Null}}
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xr:=RandomReal[{0, 1}];
M = 10000;
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Mean[Table[MCInt6 = Mean|[Table[f6[xr, xr, xr, xr, X, X, {M, 1, M }]], {10}]]
9.79694
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Exp[2/2]/(1.001 — z)"2;
Plot[gl[x], {x,0,1},PlotRange — All]

glfx_]:

exactl = NIntegrate[gl[z], {z,0,1}]

2688.74
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xr:=RandomReal[{0, 1}];

M = 100;

Table[MCInt1l = Mean|Table[gl[xr], {m, 1, M }]];MCInt1, {10}]

Mean|%]

Variance|%%]"0.5

{3920.65, 7245.54, 365.33, 1748.46, 583.776, 563.923, 358.704, 178.019, 4205.49, 2249.13}
2141.9

2327.29

Sl 5 axbs a)gxi]l.:ﬁjij}a}j; o3l i s o7 el 2 D 03 (e oz g5 slts!
35 b DLl 5 0)ls o S i b ol o ) o LIS A O pad sl Sl o3 w0 0L al el
plss Vo ot g s odes G35 Ol Bl ity sl Ol b ag ST dslas slel (55l

le o3 geslu sl 51 ool (ol Lads g Olg U V.,'Sgb’:&\j) ol slasl g 5b

’ _ M @) _ YO f(a(y)
/a f(z) dz —/a w(@) w(z)dx = /y(a) w(z(y)) dy (10)

IRV f((x))Q\Jx}.}Um@gb&\gjjbw(x)cbqu\ﬁwbgﬁ\); dy = w(z)de o3l 53 S
- w(z) - $



Sorate b L Sedse L) A

i ey oo 0SS 03 b ey 6y OLSe 055 b b 1 ) o gl 4 (25 55 4L f(a) 555

i de [ W) y(b) — y(a) <= f(@(yn))
[r@a= | e T St an

5o ol 5n WIS w(@) w55 b Sam 0L 055 b GBSl o edd DLl 55k y o 48 ar g
s b e S Gl s 35 amdly 4 5 i g T Sl 00 alin (Sl Sl 4l )
L5 R e il 53 oS A5 ils OLaSG 035 €5 (Sor S o 5 ) S ol slel

V"&:"’ @?Ju/j) ‘_;’ALaJ/:\.x:«! ¢ o

"ol S ey 2.1

6};@3;@3\»\@@&)6;19@ OB 3
A

(1.001 — )2 12

w(z) =

shiel leslimal (Gl 4 maz 5o 5 05 ,folw(x)dm: 1S ados OBl gl ANL 55 5 8 s
4§v.:."}.:ﬁ exp(xz)j u‘bb/g)f.ap}gj) B3 &MJ} v.:.\g:.n osla! L:)‘)\ L;;Lm.c/u)jbgbw
L5 by slel b 128 I oS sl Gillas . 0nils o o gl sl SN 51 08T s 2510

dy = w(z) dx 13

B RRESIEN S u*bf b5, Joadee L VL sedaly o o) (28 0ol oS (R 03 el 4l
4 .adb oS 1];((:;))9‘;::335%95&\6)}5 w(:r)clSL}.u—); -z = (2(y)) :.a)jw:‘gyw
G y(a) LSWU)J yda:haj ul:r_‘b\bayj‘ .DJJTCM»:J.:' Y > 5 b xﬁa‘\fﬁb 6)).19 J.::Lv 0‘53’\9
225 Sl w() w55 b s Bolas ysb e oy 1 @8l 5o (18) ekl bl 4 g5l 055 L s y(b)

:Wﬁ)‘ﬁ}ﬁgy;@»jA/cﬁBm&dbS‘;b)s

A = 1/Integrate[1/(1.001 — z)"2, {x,0,1}]
Integrate[1/(1.001 — z)"2, x]
0.001001

1.
1.001-1.x

W(w) 2 Oyeds) oW SN o oy Sy g0 () 53 23S Gogls s 5 0dos B o 55 Y S S
(Y JK8) adoe (g5 5kl

wlx_]:=A/(1.001 — z)"2

Plot[gl[x]/w[z], {z,0,1},PlotRange — All]

Importance Sampling"

Inverse Transform Method"



q Vs : FAT-112

2500 -
2000 -

1500 -

w(z) CLS @ eﬂl}ﬁ\% ) S

O 3k 033 55 Y e SIS @ 55 O gy SV . s 5151 08T (i (S0 ) e o8 i

2
1{)((?) — &‘/gx)};‘j)})@’.'gj&5;‘4:3})$OJ)‘}@B:.<A§@U:})}‘} ‘ﬁfgl}vsﬂy(l))y(O)

s () shaiul SG 100 (saxds 03 b azecs .3}

yr:=RandomReal[{A/1.001, A/0.001}]

xr:=1.001 — A/yr

M = 100;

Table[Mean|Table[xrl = xr;gl[xrl]/(A/(1.001 — xx1)"2), {m, 1, M }]], {10}]

Mean|%)]

Variance[%%]"0.5

(2680.37, 2682.52, 2691.68, 2704.27, 2684.72, 2680.45, 2697.66, 2697.6, 2698.06, 2694.57}
2691.19

8.57928
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renp = NIntegrate[l/Sqrt[(1.1 — )], {z,0,1}];

plx_]:=(1 /renp)1/Sqre[(1.1 — o)}

xr:=RandomReal[{0, 1}];

M = 10"5;

sample = {}; Do[{xo = xr; If[p[x0]/p[l] > xr, sample = Append[sample,xo|]}, {M}];

dis = {0,0,0,0,0,0,0,0,0,0}; Do[dis[[Floor[sample[[:]] * 10] + 1]]++, {i, Length[sample]}];
Total[dis]

Length[sample] — Total[dis]

dis/Total[dis]/0.1

Show|

ListPlot[Partition[Riff1e[{0.05,0.15,0.25,0.35, 0.45,0.55,0.65, 0.75,0.85,0.95},
dis/Total[dis|/0.1],2],PlotRange — {0.6,1.9},PlotStyle — PointSize[0.015]],
Plot[p[z],{z,0,1},PlotRange — All]]

46343

0

{0.667199, 0.71165, 0.755238, 0.774874,0.845219,0.912112,1.03101, 1.14883, 1.38489, 1.76898}

1.8
1.6
14
12
1.0

0.8

0.0 0.2 0.4 0.6 0.8 1.0
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exp(xQ).laiémSJSJeﬁ)\aj)wu@jjsl{:\.)&\«fou\ .ng@bégb&\wéslﬂ‘
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renp = NIntegrate[l/Sqrt[(1.1 — x)], {z, 0, 1}];
plx_]:=(1/renp)1 /Sqre[(1.1 - 2)];
f1[x_]:=Exp[z"2];

NIntegrate[fi[z]p[z], {z,0,1}]

1.62352

xr:=RandomReal[{0, 1}];

M = 10;

Table[sample = {};Do[{xo = xr; If[p[x0|/p[l] > xr, sample = Append[sample, xo]|}, {M }];
Mean(Table[f1[z], {x, sample}]], {5}]

Mean|%]

Variance[%%]"0.5

{1.77585,1.34204, 1.54029, 1.91586, 1.64282}
1.64337

0.219789

328 B 50 5 Jas o5l 45535 1.62352 Sl b oS (ol g Jlas ol 5 Kb 3 las 5
63045 Laas oS (Ol ks gl .Vf):{:» 9 exp(—z) Sl @j}»@b &os Jle S Olge &
(7 JK8) i skl (fsee 0550

plx_|:=E/(E — 1)Exp[—a];

xr:=RandomReal[{0, 1}];

M = 10"5;

sample = {};Do[{x0 = xr; If[p[x0]/p[0] > xr, sample = Append[sample, xo]|}, {M}];
dis = {0,0,0,0,0,0,0,0,0,0}; Do[dis[[Floor[sample[[i]] * 10] + 1]]++, {i, Length[sample]}];
Total[dis]

Length[sample] — Total[dis]

dis/Total[dis]/0.1

Show|

ListPlot[Partition[Riff1e[{0.05,0.15,0.25,0.35,0.45,0.55, 0.65, 0.75,0.85,0.95},
dis/Total[dis|/0.1],2],PlotRange — All,PlotStyle — PointSize[0.008]],
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Plot[p[z], {z,0,1},PlotRange — All]]

63045

0

{1.51955,1.36601, 1.23959, 1.12332,1.01198,0.907447,0.819891, 0.742486, 0.680149, 0.589579}

02 04 06 08 ® 1o

-@uf)"'fbr-““%%—d)::’g:ﬁ)‘&’ exp(—) Cjt’/&‘f.’ aMJ:J)S&gbL,anU&\ SL 7 s

(VY JS8) ade il 20000 b exp(—2/0.2) &bl

t=0.2;

re = (1/8)/(1 = 1/E(1/1));

plx_]:=rcExp[—xz/t];

xr:=RandomReal[{0, 1}];

M =2 x 10/4;

sample = {}; Do[{xo = xr; If[p[x0]/p[0] > xr, sample = Append[sample,xo]|}, {M}];
dis = {0,0,0,0,0,0,0,0,0,0}; Do[dis[[Floor[sample[[:]] * 10] + 1]]++, {i, Length[sample]}|;
Length[sample] — Total[dis]

dis/Total[dis]/0.1

Show|

ListPlot[Partition[Riff1e[{0.05,0.15,0.25,0.35, 0.45,0.55, 0.65, 0.75,0.85,0.95},
dis/Total[dis]/0.1],2],PlotRange — All,PlotStyle — PointSize[0.008]],
Plot[p[z],{z,0,0.9},PlotRange — All]]

0
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{4.04674,2.41859, 1.41544, 0.861345, 0.496324, 0.270483, 0.231092, 0.139181, 0.0630252, 0.0577731}
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o5 bl ol sy sbes s & e L oSl Sl soendD SRy () 53 A s &S skl gen
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plx_]:=a" 2Exp[—z];

max = FindRoot[p'[u] == 0, {u, 2}][[1]];

xmax = u/. max;

xr:=RandomReal[{0, 10}];

xt:=RandomReall;

M = 10"3;

sample = {};

While[Length[sample] < M, {xo = xr; If[p[xo]/p[xmax] > xt, sample = Append[sample, xo]|}];

dis = {0,0,0,0,0,0,0,0,0,0};Do[dis[[Ceiling[sample[[i]]]]|++, {¢, Length[sample]|}];

Total[dis]

dis/Length[sample]|/1//N

Show[ListPlot[Partition[Riffle[{0.5,1.5,2.5,3.5,4.5,5.5,6.5,7.5,8.5,9.5},dis/Length[sample]/1],2]],

Plot[p[z]/NIntegrate(p[t], {¢,0,10}], {x,0,10}], PlotRange — All]

1000

{0.075,0.244,0.242, 0.2,0.113, 0.071, 0.027, 0.012, 0.008, 0.008}
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t=0.2;

re = (1/8)/(1 - 1/BA(1/1);

plx_]:=rcExp(—z/1];

xr:=RandomReal[{0, 1}];

M = 10M4;

sample = Table[xi = xr;Do[xj = xr; If[xj < xi,xi = xj, If[p[xj]/p[xi] > xr,xi = xj, xi]], {20}];
xi, {M}];

dis = {0,0,0,0,0,0,0,0,0,0}; Do[dis[[Ceiling[sample][[i]] * 10]]]++, {i, M }];

Total[dis] — M

dis/M/0.1

Show|
ListPlot[Partition[Riffle[{0.05,0.15,0.25,0.35,0.45,0.55,0.65,0.75,0.85,0.95},dis /M /0.1],
2],PlotStyle — PointSize[0.008]],

Plot[p[z],{z,0,0.9},PlotRange — {0,p[0]}], PlotRange — All]

0

(3.966,2.449, 1.432, 0.899, 0.532, 0.293,0.19,0.112, 0.075, 0.052}
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.GUfjé-/obﬁ 43@—&;,595;)43 exp(—xz/0.2) @L"a};\ﬁ oJ.iJris&gé:Las:s\va\ STEAR J<e

POV S8 S a5 3laas sl e s > 2 gl dmlio 5L 03 b ca? exp(—a) gl AT Jle Ol s

plx_] =0 2Exp[—a];
xr:=RandomReal[{0, 10}];

xt :=RandomReal[[;

M = 10"3;

sample = Table[xi = xr;Do[xj = xr; If[p[x]] > p[xi],xi = xj, If[p[xj]/p[xi] > xt,xi = xj, xi]], {10}];xi, {M }];
dis ={0,0,0,0,0,0,0,0,0,0};Do[dis[[Ceiling[sample[[i]]]]]++, {i, M }];

Totalldis] — M

dis/M/1//N
Show[ListPlot[Partition[Riffle[{0.5,1.5,2.5,3.5,4.5,5.5,6.5,7.5,8.5,9.5},dis/M/1],2]],
Plot[p[z]/NIntegrate(p[t], {t,0,10}],{x,0,10},PlotRange — {0, p[0]}], PlotRange — A1l]
0

{0.087,0.244, 0.246, 0.187, 0.113, 0.064, 0.029, 0.016, 0.006, 0.008}
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